The classifying space of the $G$-cobordism category in dimension two by Segovia, Carlos
The classifying space of the G-cobordism category in
dimension two
Carlos Segovia∗
April 17, 2019
Abstract
For G a finite group, we define the G-cobordism category in dimension two. We
prove this category has connected components in bijection with the abelianization
of G and with fundamental group isomorphic to a lattice. We show the classifying
space of this category has the homotopy type of the product of the abelianization
of G, an infinite loop space and a finite product of circles. In addition, we study
the classifying space of some important subcategories.
Introduction
The G-cobordism category in dimension two, denoted by CobG, has as objects dis-
joint union of principal G-bundles over the circle (called G-circles) and as morphisms
classes of principal G-bundles over surfaces up to G-equivariant diffeomorphism (called
G-cobordisms), where the composition of morphisms is defined by gluing along the boun-
daries. Originally, this category was introduced by Turaev [Tur10], with a homotopical
version given by homotopy classes of maps into a pointed path-connected space. The
description of the G-equivariant case was developed by Moore-Segal [MS06] and by Kauf-
mann [Kau02, Kau03]. Usually the adjective “discrete” is used in the literature to dis-
tinguish our cobordism category from the topological cobordism categories studied in
[GMTW, SG18]. For G the trivial group, the G-cobordism category reduces to the usual
cobordism category Cob. This category was studied by Tillmann in [Til96], where she
showed that the classifying space of the cobordism category is of the homotopy type of
the product space
F × S1 , (1)
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with F an infinite loop space. The present article shows that the classifying space of the
G-cobordism category is of the homotopy type of the product space
G
[G,G]
× FG1 × S1×
r(G)· · · ×S1 , (2)
with r(G) a positive integer and FG1 an infinite loop space. Furthermore, we prove the
connected components and the fundamental group have the form
pi0(Cob
G) ∼= G
[G,G]
and pi1(Cob
G) ∼= Zr(G) . (3)
Numerical calculations of the number r(G) are presented in [CS18]. Some of the methods
used in this work and in [CS18] are also reminiscent of the ones used in [KP09, Kau09].
This article is organized as follows. In section 1 we define the G-cobordism category
CobG. In section 2 we studied the connected components and the fundamental group
of CobG. In section 3 we show the main result of the paper about the homotopy type
of the classifying space of CobG. Finally, in section 4 we study the classifying spaces of
some important subcategories of CobG.
1 The G-cobordism category
We start here with the concept of cobordism as in [Koc04], and we proceed later with the
generalization to G-cobordism.
Notation 1. In all the article G denotes a finite group with e ∈ G the identity element.
Also, in this work we consider right actions of the group G.
Definition 2 (Cobordism). Let Σ and Σ′ be d-dimensional closed, oriented smooth ma-
nifolds and consider a (d + 1)-dimensional oriented smooth manifold M , with boundary
diffeomorphic to Σunionsq−Σ′, where −Σ′ is Σ′ with the reverse orientation. We represent this
structure by the triple (Σ,M,Σ′). Two triples (Σ,M,Σ′) and (Σ,M ′,Σ′) are equivalent if
there exists a diffeomorphism φ : M −→M ′ such that we have the commutative diagram
M
φ

Σ
>>
  
Σ′
aa
}}
M ′ .
(4)
A class of these triples is called a (d+ 1)-dimensional cobordism from Σ to Σ′.
2
Thinking of Σ and Σ′ as submanifolds in M (and in M ′ ) this means that φ induces
the identity on the boundaries. All the diffeomorphisms between manifolds are assumed
to be orientation-preserving.
Definition 3. For a cobordism (Σ,M,Σ′), if we reverse the orientations of Σ and Σ′, then
we produce the cobordism (−Σ′,M,−Σ) and if we reverse the orientation of M , then we
produce the cobordism (Σ′,−M,Σ). This process is called change of direction.
Definition 4. A principal G-bundle over a topological space X, consists of a fiber bundle
pi : E → X where the group G acts freely and transitively over each fiber.
Definition 5 (G-circle). For every g ∈ G, we construct the principal G-bundle Pg −→ S1
obtained by attaching the ends of [0, 2pi]×G via multiplication by g, i.e., (0, h) is identified
with (2pi, hg) for every h ∈ G. Any principal G-bundle over the circle is isomorphic to
one of these, and Pg is isomorphic to Ph if and only if h is conjugate to g. We refer by Pg
the G-circle associated to g ∈ G. For a G-circle of the form Pg → S1, the element g ∈ G
is called the monodromy.
Example 1.1. There are two important G-circles:
i) one is the associated to the neutral element e ∈ G, giving the trivial bundle and
which is denoted by Pe;
ii) the second is the empty G-bundle, denoted by P0, which has as total and base space
the empty one dimensional manifold.
Example 1.2. Take G = Z4 = {0, 1, 2, 3} and consider the G-circles associated to 1, 2 ∈
Z4. In that case, P1 is the circle S1 and P2 is the disjoint union S1 unionsqS1, with projections
of degree four and two, respectively.
Definition 6. For an action of G over a manifold M , given by α : M × G → M ,
a diffeomorphism f : M → M is G-equivariant if and only if we have the following
commutative diagram
M ×G α //
f×idG

M
f

M ×G α //M .
(5)
Definition 7 (G-cobordism). A triple of principal G-bundles (pi, , pi′) consists of three
principal G-bundles pi : P → Σ, pi′ : P ′ → Σ′ and  : Q → M , where (P,Q, P ′) and
(Σ,M,Σ′) are triples as before, and we have the commutative diagram
P
pi

// Q


P ′
pi′

oo
Σ //M Σ′ .oo
(6)
3
Two triples of principal G-bundles (pi, , pi′) and (pi, ′, pi′) are equivalent if we have the
following:
1. the triples (Σ,M,Σ′) and (Σ,M ′,Σ′) are equivalent by means of a diffeomorphism
φ : M →M ′,
2. the triples (P,Q, P ′) and (P,Q′, P ′) are equivalent by means of a G-equivariant
diffeomorphism ψ : Q −→ Q′, and
3. the diffeomorphisms φ and ψ satisfy the following commutative diagram
Q
ψ //


Q′
′

M
φ
//M ′ .
(7)
A class of this triples is called a (d + 1)-dimensional G-cobordism from pi : P → Σ to
pi′ : P ′ → Σ′.
Notation 8. We understand by a connected G-cobordism when we have a connected base
space. Similarly, we refer by a closed G-cobordism when the base space is a closed surface.
Example 1.3. 1. G-cylinder: this is the G-cobordism from Pg to Ph (g, h ∈ G) with
base space the cylinder. Since the cylinder is homotopic with the circle, then Pg
and Ph must be isomorphic. Thus h is conjugate to g with h = kgk
−1 for some
k ∈ G, and the diffeomorphism identification is given by the Dehn twist. Notice the
conjugation by the neutral element e ∈ G, produces the identity morphisms idPg for
any g ∈ G.
2. G-pair of pants: consider the G-cobordism with entry the disjoint union Pg unionsq Ph
and exit Pgh, and with base space the pair of pants. We take principal G-bundles
over the pair of pants, which are a G-deformation retract 1 of a principal G-bundle
over the wedge S1 ∨ S1. We represent this element by
pg,h : Pg unionsq Ph → Pgh . (8)
Similarly, we define the reverse G-pair of pants pg,h : Pgh → Pg unionsq Ph, where pg,h is
the change of direction of pg,h.
3. G-pair of pants with multiple legs: we define the G-cobordism with entry the
disjoint union Pg1 unionsq Pg2 unionsq · · · unionsq Pgn, for n ∈ N, and exit Pg where g is the product∏n
i=1 gi. This element is represented as follows
pg1,g2,··· ,gn : Pg1 unionsq Pg2 unionsq · · · unionsq Pgn → Pg . (9)
1By a G-deformation retract we mean that the homotopy is by means of principal G-bundles.
4
4. G-disk: there is only one G-cobordism with base space the disk and every represen-
tative is a trivial bundle. We represent this element as follows
d : Pe → P0 . (10)
Similarly, we define the reverse G-disc d : P0 → Pe, where d is the change of
direction of d.
In Figures 1,2 and 3 we have pictures for the G-cylinder, the G-pair of pants and the
G-disc. For these pictures, we draw from left to right the direction for our cobordisms.
Also every circle is labelled with the correspondent monodromy associated to the G-circle
and for every G-cylinder we include inside the element of the group with which we do the
conjugation.
k
kgk−1g
Figure 1: The G-cylinder from Pg to Pkgk−1 .
h
g
gh gh h
g
Figure 2: The G-pair of pants pg,h and the reverse G-pair of pants pg,h.
e e
Figure 3: The G-disc d and the reverse G-disc d.
Example 1.4. Take a two dimensional handlebody of genus n with one boundary circle.
Every principal G-bundle depends on elements gi, ki ∈ G, for 1 ≤ i ≤ n, with monodromy
for the boundary circle given by the product
∏n
i=1[ki, gi]. Thus for genus one, every prin-
cipal G-bundle depends on a pair of elements g, k ∈ G, with monodromy for the boundary
circle given by the commutator [k, g], see Figure 4.
Now we define the G-cobordism category as follows.
5
ke [k, g]
g−1
g kgk−1
Figure 4: A G-cobordism over a handlebody of genus one.
Definition 9. The G-cobordism category CobG is the category with objects disjoint
union of G-circles. The morphism of CobG are two dimensional G-cobordisms, where the
composition of morphisms is defined by gluing along the boundaries.
Milnor [Mil65] proved that the gluing of two manifolds has a smooth structure well
defined up to diffeomorphism. This property implies that the composition of two cobor-
dism is well defined. We can extend this property for the gluing of principal G-bundles,
and as a consequence, the composition of G-cobordisms is well defined. Furthermore, the
category CobG has a monoidal structure given by the disjoint union
unionsq : CobG×CobG → CobG , (11)
where the unit is the empty G-bundle P0. The symmetric structure is given by the
mapping cylinder associated to the transposition diffeomorphism.
2 The connected components and the fundamental
group
In this section we study the connected components and the fundamental group of the
classifying space of CobG.
Definition 10. For a category C we say that two objects x and y are connected if
there is a sequence of objects x0, x1, · · · , xk in C, with x0 = x and xk = y, such that
HomC(xi, xi+1) ∪ HomC(xi+1, xi) is not empty for all i = 0, · · · , k − 1. This defines an
equivalence relation over the set of objects of C with connected components denoted by
pi0(C).
Notice that the connected components of the classifying space BC, coincides with the
set pi0(C).
Proposition 11. There is a bijection pi0(Cob
G) ∼= G/[G,G].
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Proof. First we observe that the empty G-bundle P0 is connected with the trivial G-
bundle Pe by means of the G-disk. Then we have that every object of the form Pgˆ :=
Pg1 unionsq Pg2 unionsq · · · unionsq Pgn (with Pgi 6= P0), is connected to the G-circle Pg (g =
∏n
i=1 gi)
through the G-pair of pants with multiple legs pg1,g2,··· ,gn : Pgˆ → Pg. Thus it is enough to
consider elements g, h ∈ G which are connected by a morphism of the form α : Pg → Ph.
Disregarding any components of closed G-cobordisms, we can assume the morphism α
has a connected base or a base with only two connected components. In the case α has a
connected base, there is a G-cobordism over a handlebody with the form β : P0 → Phg−1 ,
such that α = phg−1,g ◦ (β unionsq idPg), where phg−1,g : Phg−1 unionsq Pg → Ph is a G-pair of pants.
For the case α has a base with two connected components, there are G-cobordisms over
handlebodies of the form β1 : Pg → P0 and β2 : P0 → Ph, such that α = β2 ◦ β1. From
Example 1.4, we know that every G-cobordism with base a handlebody, has monodromy
for the boundary circle an element of the commutator group [G,G], therefore, in both
cases the difference hg−1 is an element of [G,G] and the proposition follows.
Proposition 12. The classifying space B CobG is of the homotopy type of the product of
G/[G,G] with the connected component of the empty G-bundle P0.
Proof. The classifying space of a symmetric monoidal category is an H-space (see [Hat02])
with product induced by the monoidal structure. If this H-space has a group structure
in the connected components, which is compatible with the product of the H-space, then
every pair of connected components are homotopy equivalent by multiplication by an
element (a space with these properties is called a group-like [May74]). The G-cobordism
category CobG is a symmetric monoidal category, so the space B CobG has an H-space
structure induced by the disjoint union. We saw in Proposition 11, that the connected
components of CobG have a group structure given by the abelianization G/[G,G]. Since
for g, h ∈ G, the disjoint union of the G-circles Pg unionsq Ph is connected with Pgh using the
G-pair of pants pg,h, therefore, the product in B Cob
G induced by the disjoint union is
compatible with the group structure of the connected components. In conclusion, the
classifying space B CobG has the structure of a group-like where every pair of connected
components have the same homotopy type.
Definition 13. The fundamental group of a category C is the fundamental group of its
classifying space BC. We denote this group by pi1(C).
For a small category C a well-known fact developed by Quillen [Qui73], relates the
category of fractions of C with the fundamental group. More precisely, the fundamental
group of a category C, based at an object x, is isomorphic with the automorphism group
of x in the category of fractions C[C−1]. Now we give the definition of the category of
fractions [GZ67].
Definition 14. For a category C and a subset of morphisms J in C, we can associate
another category denoted by C[J−1] and a functor Q : C → C[J−1], such that Q(s) is an
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isomorphism for every s ∈ J , and if another functor F : C → D has this property, then
there exists a functor G : C[J−1]→ D such that F = G◦Q. The category C[J−1] is known
as the category of fractions associated to the subset of morphisms J .
Notation 15. The category of fractions associated to a category C and the whole set of
morphisms in C, is denoted by C[C−1].
Very frequently, the category of fractions is a difficult object, but under certain con-
ditions we can give an easy description. This is the case of the calculus of left fractions
[GZ67].
Definition 16. For C a category and J a subset of morphisms of C, we say that J admits
a calculus of left fractions if we have the following properties:
A. The set is closed under composition and contains all the identities, i.e., for every
object x of C we have idx ∈ J .
B. For morphisms f in C and s ∈ J with common end, there exist morphisms g in C
and t ∈ J with common start, such that the following square
w
g //
t

z
s

x
f
// y ,
(12)
is commutative.
C. Let f, g be two morphisms from x to y; the existence of s ∈ J with s ◦ f = s ◦ g is
equivalent to the existence of t ∈ J with f ◦ t = g ◦ t.
In the case J admits a calculus of left fractions, we have the following description.
Theorem 17 (Gabriel-Zisman [GZ67]). Let J be a subset of morphisms of a category C
which admits a calculus of left fractions. The category of fractions C[J−1] can be described
as:
1. the objects of C[J−1] are the same as in C,
2. a morphism x −→ y in C[J−1] is a class of “roofs”, i.e. of diagrams (s, f),
x′
s

f
  
x y ,
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where s ∈ J and f is a morphism in C, and two roofs are equivalent (s, f) ∼ (t, g)
if and only if there exists a third roof (r, h) (with r ∈ J and h a morphism in C)
forming a commutative diagram of the form
x′′′
r
~~
h
!!
x′
s

f
**
x′′
t
tt
g
  
x y ,
(13)
3. the identity morphism idx in C[J−1], is the class of (idx, idx) and the composition of
two composable roofs (s, f) and (t, g), is the class of (s ◦ t′, g ◦ f ′) obtained by using
the square (12) as follows
x′′
t′

f ′

s◦t′

g◦f ′

x′
s
  
f
  
y′
t

g

x y z .
Corollary 18. For J a subset of morphisms in a category C, which admits a calculus of
left fractions, the roof (f, f) associated to an element f ∈ J , represents the identity roof
in C[J−1].
Definition 19. Denote by I the subset of morphisms in the G-cobordism category CobG,
given by the disjoint union of identity morphisms and closed G-cobordisms.
Example 2.1. The elements of I are divided into two different types:
1. The disjoint union of elements of the form idPg1 unionsq idPg2 unionsq · · · idPgn (with g1, g2, · · · , gn ∈
G) and closed G-cobordisms, see Figure 5.
2. The disjoint union of only closed G-cobordisms.
Lemma 20. The set I admits a calculus of left fractions.
Proof. By definition the set I is closed under composition and contains all the identities.
Since for any closed G-cobordism γ and a morphism β : Pgˆ → Phˆ, we have the equality
β ◦ (γ unionsq 1Pgˆ) = (γ unionsq 1Phˆ) ◦ β .
Therefore, the second an third property of Definition 16 are satisfied.
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e e
e
e
Figure 5: The disjoint union of idPe and the G-cobordism over the sphere.
Now we give the definition of the quotient category [Lan71].
Definition 21. For a category C and an equivalence relation ∼x,y on every set of mor-
phisms HomC(x, y), there exist a category C∼ and a functor Q : C → C∼ such that if
f ∼x,y f ′ in C, then Q(f) = Q(f ′) and if H : C → D is another functor from C for
which f ∼x,y f ′ implies H(f) = H(f ′), then there is a unique functor H ′ : C∼ → D
with H = H ′ ◦ Q. The category C∼ is known as the quotient category of C under the
equivalence relation ∼.
Definition 22. Denote by QG the category with the same objects of CobG and with
morphisms classes of morphisms in CobG, under the following equivalence relation: for
every morphism β : Pgˆ → P0 (where Pgˆ = Pg1 unionsq Pg2 unionsq · · ·Pgn and P0 is the empty G-
bundle), consider the change of direction (see Definition 3) of β denoted by β : P0 → Pgˆ
and identify (
idPgˆ unionsq β ◦ β
) ∼ β ◦ β . (14)
The equivalence relation is generated by all the identifications (14), hence two morphism
in CobG represent the same class in QG if and only if we can transform one to the other by
a finite application of these identifications using the composition or the monoidal structure
of CobG.
Example 2.2. Here we give two applications of the identification (14), using the compo-
sition and the monoidal structure of CobG, respectively:
1. For the G-disc d : Pe → P0 and the reverse G-disc d : P0 → Pe, the composition d◦d
is the unique G-cobordism over the sphere. Thus the disjoint union of the identity
idPe : Pe → Pe with the G-cobordism over the sphere, is identified with d ◦ d in QG,
see Figure 6.
2. Now consider the G-pair of pants pe,g : PeunionsqPg → Pg and the reverse G-pair of pants
pe,g : Pg → Pe unionsqPg. Thus the composition pe,g ◦ (idPg unionsq idPe unionsqd ◦ d) ◦ pe,g is identified
with pe,g ◦ (idPg unionsqd ◦ d) ◦ pe,g in QG, which is equal to the identity morphism idPg ,
see Figure 7.
Definition 23. Denote by P the set with elements given by all the G-pair of pants
pg,h : Pg unionsq Ph → Pgh, for g, h ∈ G.
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e e
∼
e e
e
Figure 6: The identification
(
idPe unionsq d ◦ d
) ∼ d ◦ d.
e
gg g
e
∼
g g
Figure 7: The G-cobordism over the sphere cancels a handle with trivial bundle.
Proposition 24. There is an isomorphism G G := CobG[CobG
−1
] ∼= QG[I−1][P−1].
Proof. The Proposition 11 divides the G-cobordism category CobG into disconnected
components pi0(Cob
G) ∼= G/[G,G]. In fact, the connected component associated to the
commutator group [G,G] is the full subcategory with objects connected to the empty G-
bundle. Denote by C0, the full subcategory of CobG with objects those connected to the
empty G-bundle. The way to connect two different connected components is by means of
G-pair of pants. More precisely, any morphism in other connected component different
from C0, can be written as the composition of a morphism in C0 with some G-pair of pants
inside the set P from Definition 23. As a consequence, we reduce the problem of inverting
any morphism of CobG, by considering morphisms inside the component C0.
On account of this, for getting the category of fractions G G = CobG[CobG
−1
], we need
to find the inverses for the morphisms of C0. We consider the set I from Definition 19 and
by Lemma 20, this subset I admits a left calculus of fractions, hence by Theorem 17 there
is a nice representation of the category of fractions associated to the subset I in terms of
roofs. Take a morphism in C0 of the form α : Pgˆ → Phˆ, where Pgˆ and Phˆ are some disjoint
unions of G-circles. This morphism is represented in the category of fractions by the roof
Pgˆ
idPgˆ

α
  
Pgˆ Phˆ .
(15)
Since Phˆ belongs to the connected component of the empty G-bundle P0, then we can
11
take a morphism γ from Phˆ to the empty G-bundle P0 and set β := γ ◦ α : Pgˆ → P0. We
propose the inverse of α : Pgˆ → Phˆ by
Phˆ
idP
hˆ
unionsqβ◦β

β◦γ
  
Phˆ Pgˆ ,
(16)
where β : P0 → Pgˆ is the G-cobordism obtained by changing the direction of β. The
composition of (15) with (16) is
Pgˆ
idPgˆ unionsqβ◦β

β◦β
  
Pgˆ Pgˆ .
(17)
Therefore, if we do the identification
(
idPgˆ unionsqβ ◦ β
) ∼ β ◦ β, by Corollary 18, we obtain
that the roof in (17) represents the identity morphisms. This identification is exactly
the one we used to construct the quotient category QG, see (14). In the same way, the
composition of (16) with (15) is
Phˆ
idP
hˆ
unionsqβ◦β

α◦αunionsqγ◦γ
  
Phˆ Phˆ .
(18)
and we have the following commutative diagram
Phˆ
idP
hˆ
unionsqγ◦γ

α◦αunionsqγ◦γunionsqγ◦γ

Phˆ
idP
hˆ
unionsqβ◦β

α◦αunionsqγ◦γ
**
Phˆ
idP
hˆ
tt
idP
hˆ
  
Phˆ Phˆ .
(19)
where
α ◦ α unionsq γ ◦ γ unionsq γ ◦ γ = (idPhˆ unionsqγ ◦ γ) ◦ α ◦ α ◦ (idPhˆ unionsqγ ◦ γ)
= (γ ◦ γ) ◦ α ◦ α ◦ (γ ◦ γ)
= γ ◦ (γ ◦ α) ◦ (α ◦ γ) ◦ γ
= γ ◦ γ unionsq β ◦ β = idPhˆ unionsqγ ◦ γ unionsq β ◦ β .
(20)
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Thus the composition of (16) with (15) is equivalent with (idPhˆ , idPhˆ).
As a consequence of the previous arguments, the universal property of the category of
fractions implies the existence of a functor
G G → QG[I−1][P−1] , (21)
and in order to construct the inverse, we observe that the identification
(
idPgˆ unionsqβ ◦ β
) ∼
β ◦ β, associated to every morphism β : Pgˆ → P0 in the quotient category QG, is satisfied
in the category of fractions G G. The reason for this, comes from the equality in the
groupoid G G, of the left inverse and the right inverse of a fixed morphism. Thus the
equality
(
β ◦ β) unionsq (β ◦ β)−1 = idP0 implies that
β ◦ β unionsq (β ◦ β)−1 = idPgˆ . (22)
Adding in each side of (22) the morphism
(
β ◦ β) we get that in G G, we have the equality(
idPgˆ unionsqβ ◦ β
)
= β ◦ β. Thus by the universal property of the quotient category, we get a
functor QG → G G which extends to the following
QG[I−1][P−1]→ G G . (23)
The functors (21) and (23) provide the required isomorphism.
Corollary 25. The fundamental group pi1(Cob
G) is abelian and consists of classes [z, w]
of elements z, w : P0 → P0 in QG.
Proof. We can identify pi1(Cob
G) as the automorphism group HomGG(P0, P0), where recall
G G = CobG[CobG
−1
]. Notice that the monoid of endomorphisms HomCobG(P0, P0) is
abelian and for the quotient category QG, the monoid HomQG(P0, P0) is again abelian.
By Proposition 24, the group HomGG(P0, P0) consists of classes of pairs (z, w) with z, w :
P0 → P0 in the quotient category QG. Since pairwise the composition is abelian, hence
the fundamental group pi1(Cob
G) is abelian.
3 The homotopy type of the G-cobordism category
In this section we study the homotopy type of the category CobG.
Definition 26. For β1 and β2 two G-cobordism with connected closed base space, we
define the connected sum denoted by β1#β2 as the G-cobordism defined as follows. For
two principal G-bundles which represent β1 and β2, we do the connected sum of the based
spaces. Since the principal G-bundles over the disc are trivial, then the connected sum
extends equivariantly for the total spaces. Moreover, this construction is well defined up
to diffeomorphism and this defines the G-cobordism β1#β2.
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Lemma 27. For closed connected G-cobordisms β1 and β2, in the quotient category QG,
we get
β1#β2 unionsq S = β1 unionsq β2 , (24)
where S is the unique G-cobordism over the sphere.
Proof. For the G-disc d : Pe → P0 and the reverse G-disc d : P0 → Pe, take the unique
G-cobordisms β˚1 : P0 → Pe and β˚2 : Pe → P0 such that β1 = d ◦ β˚1 and β2 = β˚2 ◦ d.
It follows that β1#β2 = β˚2 ◦ β˚1. Moreover, in the quotient category QG we have that(
idPe unionsq d ◦ d
)
is equal with d ◦ d, see Figure 6. Therefore, we have the identitites
β1#β2 unionsq S = β˚2 ◦ β˚1 unionsq d ◦ d
= β˚2 ◦ idPe ◦β˚1 unionsq d ◦ d
= β˚2 ◦
(
idPe unionsqd ◦ d
) ◦ β˚1
=
(
β˚2 ◦ d
)
◦
(
d ◦ β˚1
)
= β2 ◦ β1 = β1 unionsq β2 ,
(25)
where S = d ◦ d.
Definition 28. Denote by M the monoid with elements all the connected closed G-
cobordisms, i.e., the base space is a connected closed surface. The operation of two
elements of M is given by the connected sum of the corresponding closed G-cobordisms
and the neutral element is the unique G-cobordism over the sphere.
Proposition 29. The monoidM is abelian, without torsion and finitely generated. Then,
the monoid is isomorphic with the direct sum Nr(G) := N⊕ r(G)· · · ⊕N, for r(G) some positive
integer.
Proof. The connected sum of closed G-cobordisms is an abelian operation and due to
the genus of the closed surfaces, there is not torsion. An element of M decomposes as
a connected sum when there is a separating simple closed curve in the base space with
trivial monodromy. This process of subdivision ends in a finite number of steps ending
into elementary parts which are the generators ofM. Since the group G is finite, this set
of generators is a finite set and hence the monoid M is finitely generated.
Definition 30. For an abelian monoid (M,+), consider the product M ×M with the
equivalence relation, where (a1, b1) and (a2, b2) are in the same class if and only if there
exists t ∈ M such that a1 + b2 + t = a2 + b1 + t. Denote by G(M) the product M ×M
under this equivalence relation. The addition of M inherits a commutative operation for
G(M) that gives the abelian group (G(M),+). There is a homomorphism M → G(M)
defined for m ∈ M by (0,m), where 0 is the neutral of M . This construction consisting
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of the abelian group (G(M),+) together with the homomorphism M → G(M), is called
the group completion of M .
The group completion of an abelian monoid M , satisfies the universal property that
for any abelian group H and any homomorphism f : M → H, there exists a unique
homomorphism of groups f ′ : G(M)→ H such the diagram
M
f ""
// G(M)
f ′

H ,
(26)
is commutative.
Proposition 31. For the quotient category QG consider the abelian monoid
M := HomQG(P0, P0) . (27)
There is a homomorphism M→ G(M) which extension to the group completion G(M)
is an isomorphism.
Proof. We define the mapM→ G(M) given by β 7→ (S, β), where S is the G-cobordism
over the sphere and by abuse of language, we use S and β representing their classes in
M. We get a homomorphism since for two closed connected G-cobordisms β1 and β2, we
obtain
(S, β1) + (S, β2) = (S unionsq S, β1 unionsq β2) (28)
= (S unionsq S, β1#β2 unionsq S) (29)
= (S, β1#β2) , (30)
where we used the Lemma 27. Therefore, there is an induced homomorphism
G(M)→ G(M) . (31)
We prove in the next paragraph that this homomorphism is an isomorphism.
For two generators γ1 and γ2 of M, such that (S, γ1) = (S, γ2) in G(M), there exists
t ∈M with Sunionsqγ2unionsq t = Sunionsqγ1unionsq t. Because the monoidM is cancellative with the disjoint
union, hence the elements γ1 and γ2 are equal inM⊂ QG. The equivalence relation used
to construct the quotient category QG, given by the identification (14), needs repetition
of monodromy for two simple closed separating curves, but this is impossible for the
generators ofM unless we have repetition of trivial monodromy. The repetition of trivial
monodromy gives the first identification from Example 2.2, which produces the neutral
element S. Thus we produce a subdivision of the elements (S, β) until we arrive to the
generators of M, where the equivalence relation of QG leaves them fixed. Similarly, we
can do the same for the negative elements (β, S) and hence we have constructed the
inverse G(M)→ G(M) and this finishes the proof.
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The homomorphism ψ
There is a map of monoids from M to the fundamental group pi1(CobG) given by
ψ :M→ pi1(CobG) , (32)
which sends a closed G-cobordisms β : P0 → P0 to the roof
P0
S
~~
β
!!
P0 P0 ,
(33)
where S represents the unique G-cobordism over the sphere. Notice that the image of S
under ψ, is the roof P0
S← P0 S→ P0 which is equivalent to the identity roof by Corollary
18.
Lemma 32. The map ψ :M→ pi1(CobG) is a homomorphism of monoids.
Proof. For two connected closed G-cobordisms β1 and β2, we have that the composition
ψ(β2) ◦ ψ(β1) is the roof
P0
SunionsqS
~~
β1unionsqβ2
!!
P0 P0 .
(34)
The Lemma 27 implies that β1 unionsq β2 and β1#β2 unionsq S represent the same element in QG.
Therefore, the roof (34) is equal to
P0
SunionsqS
~~
β1#β2unionsqS
  
P0 P0
= P0
S
~~
β1#β2
!!
P0 P0 .
(35)
Therefore, we get ψ(β2) ◦ ψ(β1) = ψ(β1#β2) and ψ is a homomorphism of monoids.
Proposition 33. The map ψ :M→ pi1(CobG) is a group completion.
Proof. From Corollary 25, the group pi1(Cob
G) is abelian, hence for the group completion
G(M), there is a homomorphism τ : G(M)→ pi1(CobG) with the following commutative
diagram
M //
ψ $$
G(M)
τ

pi1(Cob
G) .
(36)
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Now we construct the inverse pi1(Cob
G)→ G(M). The group pi1(CobG) consists of classes
of pairs (z, w), with z, w : P0 → P0 morphisms in the quotient category QG, where (z, w)
and (z′, w′) represent the same class if and only if there exists a roof (t′, t′′) such that
z + t′ = z′ + t′′ and w + t′ = w′ + t′′. Consequently, we obtain the equality
z + w′ + t′ + t′′ = w + z′ + t′ + t′′ . (37)
Therefore, for the monoid M := HomQG(P0, P0) there is a well defined homomorphism
σ′ : pi1(Cob
G)→ G(M). From Proposition 31, we have an isomorphism G(M)→ G(M)
which composed with σ′ gives the required inverse for τ .
Corollary 34. The fundamental group of CobG have the form
pi1(Cob
G) ∼= Z⊕ r(G)· · · ⊕Z , (38)
for r(G) some positive integer. Moreover, the group completion M → pi1(CobG) is a
homotopy equivalence in classifying spaces.
Proof. This corollary follows because the group completion of the naturals N is the integers
Z and the inclusion N ↪→ Z is a homotopy equivalence in classifying spaces.
Theorem 35. There is a simply connected infinite loop space FG1 such that B Cob
G is
homotopic to the product space G/[G,G]× FG1 × S1×
r(G)· · · ×S1.
Proof. First, from Proposition 12, there is an splitting of the classifying space of CobG
as the product G/[G,G] with the connected component of the empty G-bundle. Notice
this connected component is the classifying space of the full subcategory of CobG, with
objects the ones connected to the empty G-bundle. Denote this subcategory by C0, which
satisfies to be a symmetric monoidal category. Thus the classifying space B CobG has the
following homotopy type
B CobG ' G/[G,G]×BC0 . (39)
Now we consider the homomorphism ψ : M → pi1(CobG) from (32) and define the
inclusion M ↪→ C0, which for any connected closed G-cobordisms β, the image is given
by the unique connected G-cobordism α ∈ HomCobG(Pe, Pe), such that after capping the
two boundary G-circles with G-discs we obtain β, i.e. β = d ◦ α ◦ d, where d : Pe → P0 is
the G-disc and d : P0 → Pe is the reverse G-disc. The composition of this inclusion with
the canonical map to the category of fractions C0 ⊂ CobG → G G restricts to
j :M→ HomGG(Pe, Pe) , (40)
and in the category of fractions G G, there is an isomorphism
a : HomGG(Pe, Pe)→ HomGG(P0, P0) , (41)
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given by the conjugation by the disc d : Pe → P0 (where the inverse of the disc is given
by the disjoint union of d : P0 → Pe together with the inverse of the G-cobordism over
the sphere). The homomorphism ψ factors as follows
M
ψ ))
j // HomGG(Pe, Pe)
a

HomGG(P0, P0) .
(42)
Moreover, by Corollary 34, the map ψ is a homotopy equivalence in classifying spaces.
Therefore, we obtain an splitting of the classifying space of C0 by
BC0 ' FG1 ×BM' FG1 × S1×
r(G)· · · ×S1 , (43)
where FG1 denotes the homotopy fiber of the functor Cob
G → G G. The space FG1 is an in-
finite loop spaces because we are working with symmetric monoidal categories. Therefore,
from (39) and (43) we get the result of the theorem.
4 Subcategories of the G-cobordism category
In this section we study the classifying space of the following subcategories of CobG:
1. CobG0 is the full subcategory of Cob
G with only one object given by the empty
G-bundle P0.
2. CobG>0 is the subcategory of Cob
G with the same objects of CobG except for the
empty G-bundle and where each connected component of every morphism has non
empty initial boundary and non empty final boundary.
3. CobGb is the subcategory of Cob
G with the same objects of CobG and where each
connected component of every morphism has non empty final boundary.
4. CobG1 is the full subcategory of Cob
G
>0 with objects given by only one G-circle
different to the empty G-bundle P0.
Remark: 36. We observe that the G-disc d : Pe → P0 and the reverse G-disc d : P0 → Pe
are no longer morphisms of CobG>0 and d : Pe → P0 is not a morphism of CobGb . In
addition, all the morphisms of CobG1 have connected base space.
Notation 37. For G the trivial group we drop the subscript G and we obtain the subca-
tegories of Cob, denoted by Cob0, Cob>0, Cobb and Cob1.
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Tillmann in [Til96], proves the classifying space of Cob0 is the infinite torus T
∞ and
that the classifying spaces of Cob>0, Cobb and Cob1 are homotopic to the circle S
1. For
our case we have again B CobG0 ' T∞ and that the categories CobG>0, CobGb and CobG1
have the same classifying space of the form G/[G,G]×FG2 , for FG2 an infinite loop space.
For G an abelian group, the subcategory CobG1 becomes a monoid of the form G×Nr(G),
where r(G) is the rank of the fundamental group of CobG. Therefore, in this case, the
infinite loop space FG2 is a product of r(G) circles. We state these results and we procede
below with the proof of them.
Proposition 38. The classifying space B CobG0 is homotopic to the infinite dimensional
torus T∞.
Proposition 39. The categories CobG>0, Cob
G
1 and Cob
G
b have homotopic classifying
spaces of the form G/[G,G] × FG2 , with FG2 an infinite loop space. For G an abelian
group, FG2 is the r(G)-product of circles.
Proposition 38 is proved similarly as in the article of Tillmann [Til96]. In fact, the
monoid CobG0 is endowed with the structure of an abelian monoid which is also infinitely
generated and without torsion. Thus this monoid has the form N∞ and since the classi-
fying space of N is the circle, then the classifying space B CobG0 is the infinite torus.
For Proposition 39, we spend the rest of this section for proving that the subcategories
CobG>0, Cob
G
1 and Cob
G
b have homotopic classifying spaces. The category Cob
G
b is a
symmetric monoidal category and similar as in Proposition 11, we can show that this
category has as connected components the abelianization of G. Therefore, the classifying
space of CobGb is of the form G/[G,G]×FG2 with FG2 an infinite loop space. Finally, for G
an abelian group the subcategory CobG1 becomes an abelian monoid of the form G×Nr(G),
hence in this case FG2 is a r(G)-product of circles.
The functor Φ
We extend a construction of an adjoint pair of functors, introduced by Tillmann [Til96].
This pair of functors are
CobG1
i //
CobG>0
Φ
oo ,
where i : CobG1 → CobG>0 is the inclusion functor and Φ : CobG>0 → CobG1 is defined for
every object Pgˆ := Pg1 unionsqPg2 unionsq · · · unionsqPgn by the product g =
∏n
i=1 gi, i.e., Φ(Pgˆ) := Pg. For
a morphism β : Pgˆ → Phˆ (with Phˆ := Ph1 unionsq Ph2 unionsq · · · unionsq Phm), the definition of Φ(β) is a
quite long and we need to consider the following:
i) for the base space of the G-cobordism β, consider its connected components C1, C2,
. . ., Cr, and for every Ci take a Morse functions θi : Ci → [0, 1], 1 ≤ i ≤ r, which
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is 0 and 1 for a tubular neighborhood of the in-boundary and the out-boundary of
Ci, respectively; and
ii) take the G-pair of pants phˆ : Phˆ → Ph with multiple legs, where h =
∏m
i=1 hi and
choose a Morse function of the base space of phˆ by θ : P −→ [0, 1], which is 0
and 1 for a tubular neighborhood of the in-boundary and the out-boundary of P ,
respectively.
Construct a Morse function θ′ for the base space of the composition phˆ ◦ β : Pgˆ → Ph, by
θ′(x) := θi(x)/2 for x ∈ Ci and θ′(x) := (θ(x) + 1)/2 for x in the pair of pants. We can
deform θ′ in the sense that there exits a number a ∈ (0, 1) where:
i) θ′−1([0, a]) is a pair of pants of the form pn : n → 1 (from the disjoint union of n
circles to one circle); and
ii) θ′−1([a, 1]) is a connected surface with one in-boundary circle and one out-boundary
circle.
For θ′−1([a, 1]) take the G-cobordism induced by the pullback. Thus for β : Pgˆ → Phˆ, we
define Φ(β) by the G-cobordism constructed before. It rests to prove this construction is
well defined and that Φ is a functor. This is as follows:
i) suppose there is another number a′ ∈ [0, 1] with the same properties, by Morse
theory [Mil63] the construction Φ(β) is invariant up to diffeomorphism type. In
other words, we have a diffeomorphism θ′−1[a, 1] ∼= θ′−1[a′, 1]. In addition, we have
independence of the Morse functions θi and θ, since by Cerf theory [Cer70], every
pair of Morse functions are connected by paths inside the space of smooth functions
without any change of the diffeomorphism type of the manifold they model;
ii) for the functoriality of Φ take morphisms β : Pgˆ → Phˆ and β′ : Phˆ → Pkˆ with
composition β′ ◦ β. The construction of Φ(β′ ◦ β) considers Morse functions, for the
connected components of the base space of a representative of β′ ◦ β. But similarly
as before, this construction is independent of the Morse functions by the Cerf theory
[Cer70]. Therefore, we can consider, separately, Morse functions for β and for β′
giving the construction of the composition Φ(β′) ◦Φ(β). Thus by the independence
of the Morse functions, we obtain that the G-cobordisms Φ(β′ ◦β) and Φ(β′) ◦Φ(β)
are equal.
An important result is the following.
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Figure 8: For β : Pg1unionsqPg2unionsqPg3unionsqPg4 → Ph1unionsqPh2unionsqPh3unionsqPh4 we represent the commutation
ph1,h2,h3,h4 ◦ β = Φ(β) ◦ pg1,g2,g3,g4 , with Φ(β) : Pg → Ph, where g = g1g2g3g4 and h =
h1h2h3h4.
Theorem 40. The inclusion functor i : CobG1 → CobG>0 has as left adjoint the functor Φ.
Proof. Notice the construction of the functor Φ has the following commutative diagram
for a morphism β : Pgˆ → Phˆ,
Pgˆ
pgˆ //
β

g
Φ(β)

Phˆ phˆ
// h .
(44)
We illustrate the diagram (44) in Figure 8 for an specific β. For the inclusion i : CobG1 ↪→
CobG>0 the composition Φ ◦ i is equal to the identity functor on CobG1 and the diagram
(44) gives a natural transformation from the identity functor on CobG>0 to the composition
i ◦ Φ.
It is possible to extend the functor Φ to CobGb , using the same construction, obtaining
a left adjoint for the inclusion CobG1 ↪→ CobGb . As a consequence, the subcategories CobG>0,
CobG1 and Cob
G
b have homotopic classifying spaces.
Open questions:
1. A conjecture called the discrete localisation conjecture [JT13], states that the ca-
nonical functor from Cob to the category of fractions Cob[Cob−1] induces a homo-
topy equivalence. The same is a conjecture for our work, the functor CobG −→
CobG[CobG
−1
] is a homotopy equivalence?
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2. From the previous discussion, the classifying space B CobG1 writes as a product
G/[G,G]× FG2 . For an abelian group G, the space FG2 is a r(G)-product of circles,
however for a non-abelian group we do not have an explicit form for this space.
3. For a monomorphism of groups G ↪→ H we obtain an inequality r(G) ≤ r(H)?
The author shows in [CS18], that for abelian groups G1 and G2 with relative prime
orders (|G1|, |G2|) = 1, we have the following identity r(G1 × G2) = r(G1)r(G2).
Thus it is interesting to find conditions for arbitrary groups G1 and G2 where this
identity is true.
4. It is interesting to give an analysis of the behaviour of the functor from the category
of finite groups to the category of G-topological quantum field theories [GS17]. An
interesting question is if there is something in the reverse order, hence, if the equa-
lity r(G1 × G2) = r(G1)r(G2) implies the splitting of an (invertible) G-topological
quantum fields theory with group G1×G2 as a certain product of theories associated
to G1 and G2.
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